We design and implement optimal foreign exchange portfolio allocations. An optimal allocation maximizes the expected return subject to a Value-at-Risk (VaR) constraint.
Introduction
In this paper we design and implement a financial model for optimal portfolio allocations of currencies. An optimal allocation maximizes the expected portfolio return subject to a Value-at-Risk (VaR) constraint. In the econometric implementation of the model, we deal with portfolios made of two or three currencies among the euro (EUR), the Great Britain pound (GBP), and the Japanese yen (JPY), the numeraire being the US dollar (USD). Our model is set up for foreign exchange dealers who re-balance their portfolio of currencies at regular time intervals during each trading day and must satisfy a daily VaR constraint.
We use several econometric models to compute the optimal portfolios. Each model is estimated using historical data until some date. Each estimated model then serves to generate, for the next period, an out-of-sample forecast of the expected return and a quantile of the future return distribution, which are used as inputs to compute the optimal allocation of risky currencies. The optimization step also determines the optimal amount of numeraire that investors are allowed to borrow or to lend. The whole procedure is carried out sequentially, by adding one observation at a time to the estimation sample and generating the investment recommendations for the next date.
Our theoretical model is related to the model of Campbell, Huisman, and Koedijk (2001) who propose to allocate financial assets by maximizing the expected return subject to the constraint that the expected maximum loss should meet the VaR constraint. Rengifo and Rombouts (2004) extend this work to a forward looking portfolio selection framework. They implement the model using univariate GARCH models for daily portfolio returns. One disadvantage of using univariate GARCH models is that one needs to re-estimate the model for each change of weights of the risky assets forming the portfolio. This must be done as many times as necessary to solve the optimization problem, i.e. for computing the optimal weights.
As an alternative, if a multivariate GARCH model is used, the multivariate distribution of the returns can directly be used to compute the implied distribution and the VaR of any portfolio, and there is no need to re-estimate the model for different weight vectors. Therefore, we use both univariate and multivariate GARCH and non-GARCH models and compare the performance of the different models on the basis of two economic criteria (the generated wealth and a performance ratio) and two statistical tests (the failure rate and the dynamic quantile tests). Our results indicate clearly that using multivariate GARCH models improves the results of the optimal portfolio allocation in terms of the evaluation criteria.
In Section 2, we present the portfolio allocation model. In Section 3, we describe the econometric models we use for the prediction of the VaR. In Section 4, we present an empirical illustration using intradaily data. In the last section, we conclude.
Portfolio Allocation Model
The portfolio model serves to find the allocation of currencies that maximizes the expected return subject to a VaR constraint. We make the following assumptions:
• Dealers re-balance their currency portfolio regularly (e.g. every thirty minutes) during each trading day. They make capital gains or losses, due to exchange rate fluctuations, and interest gains or losses from their wealth lent or borrowed at the overnight interest rate. However, as the overnight interest rate is very small, we only consider the gains or losses coming from exchange rate fluctuations.
• There is no transaction costs and no bid-ask spreads. This assumption is coherent with the stylized fact found in FX markets, that the effective spread is almost constant and very small, of the order of one basis point.
• There is no failure risk, i.e. the interest rate at which dealers can borrow or lend during the day is the same. In our context, this assumption is acceptable since the difference between the lending and borrowing overnight interest rates is very small.
• The desired amount of USD that dealers may want to borrow can be obtained quickly because of the high speed of intradaily operations. The borrowing can take the form of a "count in advance" that involves no trading costs. If a dealer represents a bank, the borrowing and lending inside the same institution is most of the time granted.
Let n + 1 be the number of available currencies for trading. Taking the (n + 1)-th currency as numeraire, in our case the USD, let p i,t , with i = 1, . . . , n, be the exchange rate between currencies i and n+1 expressed in units of currency n+1 per unit of currency i (e.g. 1.25 USD per 1 EUR). Define the return of currency i at time t+1 as r i,t+1 = log(p i,t+1 )−log(p i,t ),
Let W t be the investor's wealth, in USD, at time t. Define Ω t ≡ {w t ∈ R n : n i=1 w i,t = 1} as the set of portfolio weights at time t. Note that this formulation allows for short-selling of some of the currencies in the portfolio and assumes that the income from these short-sellings is invested in the other currencies of the portfolio. Then, x i,t = w i,t W t /p i,t represents the USD value of foreign currency i held at time t. This implies:
and
The wealth at time t + 1 can be expressed as:
We allow the dealers to borrow or to lend USD according to their degree of risk aversion.
If dealers are less risk averse, they would like to borrow in order to invest this money in currencies that allow them to maximize their expected returns. This borrowing can be seen as a leverage to obtain a higher return.
Denote by b t the amount of USD that a dealer can borrow (b t > 0) or lend (b t < 0) at the risk free interest rate r f . With borrowing and lending, Equation (3) becomes
Dealers wish to maximize their expected wealth since future returns are not known due to the uncertainty present in the markets. Accordingly, Equation (4) in terms of conditional expectations is given by
where E t r t+1 (w t ) is the expected portfolio return at the end of the rebalancing period. The expectation operator E t is conditional on all the information available at time t. In order to maximize this objective function, dealers face two constraints: the budget constraint and the risk constraint given in terms of the VaR. The budget constraint is given by
The VaR constraint for a given intradaily time interval and probability of occurrence α is
where P t is the probability given all the information available at time t, and V aR * is the the dealer's desired VaR level.
The intradaily portfolio optimization problem is solved by the maximization of the expected return, Equation (5), subject to the budget constraint, Equation (6), the VaR-constraint, Equation (7), and the simplex constraint ( w i,t = 1). The objective is to determine the weights that maximize the expected return subject to those constraints, i.e.
Substituting the budget constraint (6) in the objective function (5) yields
Equation (9) shows that a risk-averse dealer is ready to invest a fraction of his wealth in foreign currencies if the expected return of the portfolio is bigger than the risk free rate.
Substituting (9) (before taking the expectation) in (7) gives
such that
defines the quantile q t (w t , 1 − α) of the distribution of the portfolio return at the confidence level α. Using this result, the investment value can be written as
Finally, substituting (12) in (9) and dividing by the initial wealth W t we obtain
Thus, the optimal set of weights is given by
The 
We use this model to compute intradaily portfolio allocations for trading in FX markets.
In this context, the time interval during which the optimization is conducted is supposed to be short. This fact introduces some high-frequency data aspects that must be considered in the econometric implementation to estimate the optimal portfolio allocations. An important aspect to consider is the seasonal component present in high frequency data. In the next section we explain in detail the econometric implementation of the model and how we deal with the high-frequency features of the data.
Econometric Implementation
We want to compute w * t and b * t as defined in Equations (14) and (15), respectively. To implement this, we need to estimate E t r t+1 (w t ) and q t (w * t , α) from historical data (i.e. until date t − 1 inclusive), using an econometric model of the portfolio return distribution. We can do this sequentially for a sequence of periods and evaluate the ex-post performance of the investments recommended by the econometric procedure.
Our methodology for the estimation of the optimal portfolio allocation and its evaluation comprise five steps that we describe below.
Adjustment of each currency return for intradaily seasonality
We start by estimating the intradaily component, φ i (t), which characterizes the second moment of the returns of currency i at time t of the day. Following Andersen and Bollerslev (1997) and Bauwens, Ben Omrane, and Giot (2005) , this intradaily seasonal (or diurnal) component is defined as the expected volatility conditioned on time-of-day, 1 See for example Huang and Litzenberger (1988) .
where the expectation is computed by averaging the squared observed returns over the cross-sectional time intervals for each day of the week.
In order to get rid of the diurnal pattern of the volatility of intradaily returns, we adjust the returns by dividing them by the square root of φ i (t) for i = 1, . . . , n, to get "deseasonalized" returns. If r i,t is the observed return of currency i at time t, and R i,t is the deseasonalized one, then R i,t = r i,t / φ i (t). Actually, the function φ i (t) is different for each day of the week (see Section 4.1).
Specification and estimation of an econometric model of portfolio returns
For the specification of an econometric model of portfolio returns we distinguish two cases: the univariate and multivariate cases. In the univariate case, we model the deseasonalized portfolio returns R p,t as follows:
where µ p,t is the conditional mean and t an error term.
In the multivariate setting, we replace R p,t by a n × 1 vector R t which contains the returns R i,t , i = 1, . . . , n, of the n foreign currencies at time t:
where µ t and t are n × 1 vectors.
a). Specification of the conditional mean
We specify the conditional mean of R i,t , with i = p in the univariate case, and i = 1, . . . , n in the multivariate case, as the AR (1) process
or as a slowly changing parameter that is estimated by the mean of the observations until time t − 1:
b). Specification of the conditional variance
In the univariate case, Equation (16), the error term t is decomposed as σ p,t z t where z t is an IID process with zero mean unit variance. In this case, given a portfolio allocation, we compute the deseasonalized portfolio returns to estimate the conditional variance σ 2 p,t using two univariate specifications:
(a) A "non-parametric" model in which we assume that σ 2 p,t is slowly evolving in time and is estimated at time t by the empirical variance of the data until
(b) The GARCH(1,1) model of Bollerslev (1986) , written
In the multivariate case, Equation (17), the error term t equals Σ 1/2 t z t , where Σ 1/2 t is, for example, the Cholesky factorization of the n × n conditional variancecovariance matrix Σ t , and where the n × 1 vector z t is an IID process with mean zero and variance I n (the identity matrix of order n). For this case we use two multivariate GARCH models (see Bauwens, Laurent, and Rombouts, 2006 , for a detailed presentation of multivariate GARCH models):
(c) The dynamic conditional correlation (DCC) model of Tse and Tsui (2002) , defined by
The n × n matrix D t is a diagonal matrix containing the conditional variances σ 2 i,t , for i = 1, 2, . . . , n, each specified as
i.e. a univariate GARCH(1,1) equation. The n×n matrix Λ t is the conditional correlation matrix, defined by
where Λ is a constant correlation matrix, θ 1 and θ 2 are non-negative parameters satisfying θ 1 + θ 1 < 1, and Ψ t−1 is the n × n correlation matrix of τ for
where u i,t = it /σ i,t . The scalar M must be greater than or equal to n to ensure that Ψ t is semi-positive-definite. Notice that the right-hand side of (24) is such that the diagonal elements of Λ t are equal to one for all i and t (assuming that Λ 0 is a correlation matrix).
(d) The BEKK(1,1,1) model of Engle and Kroner (1995) , where the conditional variance-covariance matrix is defined by
where A and G are n × n matrices, and C is upper triangular.
We assume two parametric distributions for z t : the standard Gaussian distribution and the standard Student-t distribution, each univariate or multivariate depending on whether the model is for R p,t or R t . With the Student-t distribution we allow for fat tails in the distribution of z t . We have also tried the skewed-t distribution,
proposed by Hansen (1994) and extended to the multivariate case by Bauwens and Laurent (2005) , in order to allow for asymmetry in the return distribution. It turned out that asymmetry is not needed for the data we used, so that the empirical results in that case are almost identical to those obtained using the (symmetric) Student-t distribution.
Following Mittnik and Paolella (2000), we use the weighted maximum likelihood (WML) procedure in order to give more weight to recent data, i.e.. we multiply the log-likelihood contributions of the observation of period t by ρ T −t , where ρ (≤ 1) is an exponential decay factor and T is the total number of observations used for estimation. If ρ = 1 we are back to usual ML estimation. We choose ρ as one minus the minimum of the failure rate (defined later in this section) for a given VaR confidence level (see Rengifo and Rombouts (2004) for more details).
Estimation of the VaR
To estimate the VaR we need to go back from the adjusted returns to the original ones.
In the univariate case in which we work directly on the portfolio return, we simply multiply the estimated conditional means and standard deviations by the square root of the diurnal component φ(t) of the portfolio. The Value-at-Risk for time t at the confidence level α is calculated as
whereμ p,t andσ p,t are the forecasted conditional mean and standard deviation, and q α is the (α)-th quantile of the distribution of z t .
For the multivariate setting, once we have estimated the parameters of the model, we compute the forecastΣ t of the matrix Σ t using one of the multivariate GARCH models.
After that, we introduce the diurnal factors by the following transformation:
where φ i (t), for i = 1, . . . , n, are the diurnal factors corresponding to each currency.
With this matrix we can compute the conditional variance of the portfolio return as
where w t is n × 1 vector of portfolio weights. We also reintroduce the seasonality factor in each forecasted conditional mean:μ i,t =μ i,t φ i (t), for i = 1, . . . , n, whereμ i,t is defined either as in (19) or, following (18), asμ i +ρ i R i,t−1 (μ i andρ i denoting the WML estimates). Thus, the forecasted conditional mean of the portfolio return is
Once we have computedμ t andσ 2 t , the Value-at-Risk for time t at the confidence level α is given by
3.4 Determination of the optimal risky investment and amount to borrow or to lend
We compute the portfolio weights that maximize the expected return subject to the VaR constraint according to Equation (14). Once we have determined the optimal weights for the investments in the risky currencies, and given the value of the desired VaR (V aR * ), we determine the amount borrowed or lent by using Equation (15).
Evaluation of the models
We use four criteria to evaluate the models: two statistical tests and two economic tests.
The first statistical test is the failure rate test proposed by Kupiec (1995) . According to this test, the model is correctly specified if the observed portfolio return at time t is bigger than the VaR predicted at t − 1 for time t in 100α percent of the predictions.
The failure rate for the long trading positions is defined as
where, m is the number of out-of-sample days, T is the total number of observations, r t is the observed return at time t, V aR t,α is the threshold value and 1 denotes the indicator function. Correspondingly, the failure rate for short trading positions is defined as the percentage of positive returns larger than the one-step-ahead VaR for short positions.
Let η be the number VaR violations in the out-of-sample interval of m points. Then, η has a binomial distribution with parameters α and m. Ideally, the failure rate should be equal to α. Thus, the null hypothesis is H 0 : f = α. The corresponding likelihood ratio statistic,
is asymptotically distributed as a χ 2 (1) random variable.
A property that the VaR should have, besides respecting the VaR level, is that the VaR violations should not be serially correlated. In order to test this property, we use the dynamic conditional quantile test proposed by Engle and Manganelli (2004) . The basic idea is that this property can be tested by defining the sequence
such that the expected value of h t is zero. The dynamic quantile test is an (OLS)
Fisher test under the null that all regression coefficients, including the intercept, are zero in a regression of the variable h t on its own past, on the current VaR and on any other regressors. We perform the test using the current VaR and five lags of the VaR violations as explanatory variables.
The first economic test we use is based on the comparison of the wealth evolution provided by implementing the recommendations of the different models. Accordingly, the best model is the one that provides the highest wealth (or return) at the end of a forecast period, for a given risk level. The second economic test is based on the comparison of the results through a performance ratio. This performance ratio is defined as the ratio in (14), where the expected return is replaced by the realized return. With this ratio we can compare the results of the different models. The preferred model is the one with the highest performance ratio.
Empirical Illustration
The foreign exchange market is a market maker based trading system, where dealers interact around the clock (i.e. in successive time zones). The most active trading centers are New York, London, Frankfurt, Sydney, Tokyo and Hong Kong. We consider two portfolio allocation problems: one in which the dealer, located in the US, considers only two currencies (EUR and GBP) and one in which the dealer considers three currencies (EUR, GBP and JPY).
In this section, after describing the data, we present the portfolio recommendations of different econometric implementations, and the results of their statistical and economic evaluations.
Data Description
The database (provided by Olsen and Associates) consists of five-minute quotes for the EUR/USD, GBP/USD, and JPY/USD over the period ranging from January 1st, 1999 until December 31st, 2003, i.e. five years. These currency quotes are market makers' quotes and not transaction prices, as should be preferably used. Since Danielsson and Payne (2002) showed that the statistical properties of five-minute US dollar/Deutsche Mark quotes are similar to those of transaction quotes, and transaction quotes are not widely available, we have resorted to using quotes. The database also contains the date, the time-of-day stamped to the five minutes in Greenwich mean time (GMT), and the mid-quotes.
From the five-minute mid-quotes, we compute thirty-minute returns, since we assume that the dealers re-balance their portfolios every thirty minutes. The return at time t is computed as the difference between the logarithms of the mid-quotes at times t and t − 1. We consider only data for the continuous trading period that goes from 12:00 GMT to 20:00 GMT (8 hours per day). We exclude from the sample all the US holidays and control for the day light-saving-time (the time change between the winter and the summer). Finally, to avoid the trade opening noise, we eliminate the first return of the day. The total number of returns of our sample is equal to 20,144.
As explained in Section 3, we adjust the returns for the diurnal component of volatility.
The seasonally adjusted (SA) returns are obtained by dividing the returns by the square root of their cross-sectional intradaily average volatility. Figure 1 displays the intradaily diurnal functions for each day of the week for the EUR/USD, as an example.
Each curve corresponds to one day of the week. Table 2 presents summary statistics of the thirty-minute returns for the three exchange rates, before and after seasonal adjustment. The means of the SA returns are almost equal to zero and their distributions have fatter tails than the normal, but they are almost symmetric.
The distributions of the unadjusted returns are more leptokurtic and still close to being symmetric except for the JPY/USD. In the series of SA returns, there is a small but significantly (at the 2.5 percent level) negative autocorrelation of order one and a smaller positive autocorrelation of order two, which is not so much significant. The negative autocorrelation in FX returns has been discussed in the academic literature. According to Goodhart and Figliuli (1991) , the negative autocorrelation stems from constraints in the control of positions, while according to Bollerslev and Domowitz (1993) and Lo and MacKinlay (1990) , this feature comes from the computation of asynchronous price series at the interval endpoints. 
Example of Investment Recommendations
To illustrate our procedure, we present in detail the investment recommendations of a particular multivariate model. These recommendations specify the amount of US dollars to borrow or to lend and, if applicable, the allocation of this amount to each currency of the risky portfolio. The example is based on a portfolio of three risky currencies (EUR, GBP and JPY). The initial wealth is assumed to be one million USD. For the risk-free interest rate we use the overnight rate in November 2003, equal to 4.47% (annually). We assume that the dealers re-balance their positions every 30 minutes (16 times per day). At the end of the day, corresponding to the usual practice in FX trading, they close their positions, i.e. they buy (sell) the currencies on which they are short (long), and they lend the remaining USD at the overnight interest rate. However, the effect of this overnight rate has almost no impact on their wealth evolution.
The particular model we consider for this example has a changing conditional mean vector estimated by the sample mean of the observations until time t − 1. For the the conditional variance-covariance matrix, we use the BEKK specification of Engle and Kroner (1995) coupled with a trivariate Student-t-distribution and we estimate it by WML (setting ρ equal to 0.994, one minus the value that minimizes the failure rate for the specified confidence level).
We fix the confidence level (α) for the estimation of the VaR at 10% and the desired VaR at the risk-free rate and to invest the borrowed money in the risky currency portfolio. The average fraction of the investor's wealth that is borrowed is equal to 61% over the forecast period, but there is clearly a positive trend in the fraction.
The model recommendations concern also the the percentages of the funds (own and bor- These model recommendations are coherent with the return evolution of the currencies during the out-of-sample period. Table 3 presents the descriptive statistics for this period.
The average return of the EU R/U SD is almost 45% and 160% larger than for the GBP/U SD and the JP Y /U SD, respectively. Therefore, it is not surprising that the investor invests more in EUR and in GBP than in JPY, as recommended by the model.
Finally, Figure 4 presents the wealth evolution of five investment strategies for an initial wealth of one million dollars. Three strategies correspond to investments in a single currency at a time (EUR, GBP, JPY), one corresponds to the optimal portfolio of the three currencies (PORT) derived from the model, and the last one (Rf) consists of investing the initial wealth at the risk-free interest rate. It emerges firstly that the riskless strategy (Rf) generates a smaller final wealth than the other strategies. Secondly, the wealth obtained by the intradaily optimal portfolio allocation model is always larger than the wealth obtained by investing only in GBP or in JPY, and most of the time also larger than the wealth obtained by investing only in EUR. As already pointed out, the results can be explained by the observation that, 
Economic and Statistical Evaluation
In this part we present the economic and statistical evaluation of the models presented in Section 2. The economic evaluation criteria are the total return (R) and the performance ratio (PR) at the end of the investment period (i.e. an out-of-sample forecast period). The statistical criteria are the failure rate test (FR) and the dynamic quantile test (Dq). These criteria and tests are explained in detail at the end of Section 3.
In Table 4 we present the results for portfolios made of two currencies (EUR and GBP), and in Table 5 the results for portfolios made of three currencies (EUR, JPY, and GBP). 1. Most failure rate tests are significant at the 5% level for multivariate models, but the reverse is true for univariate models. However, we observe that the models are conservative, since most of the failure rates are below the desired α. This table presents the statistic and economic criteria for evaluating the models over the outof-sample 30-day forecast period from 17/11/2003 until 31/12/2003. R denotes the total return of the investment over the 30-day period. PR is the performance ratio computed according to Equation (14), where the expected return is replaced by the actual return. FR is the empirical failure rate, with bold numbers indicating significance at the 5% level. Dq is the p-value of the F-statistic for the dynamic quantile test (see Section 3). For a definition of the models, see Table 1 . (14), where the expected return is replaced by the actual return. FR is the empirical failure rate, with bold numbers indicating significance at the 5% level. Dq is the p-value of the F-statistic for the dynamic quantile test (see Section 3). For a definition of the models, see Table 1 .
2. Almost all the models pass the dynamic quantile test at the 5% significance level, the exceptions being a few univariate models for two currencies. It appears that most models are correctly specified in the sense that the VaR violations are not serially correlated.
3. Compared to the the Student-t distribution, the normal one produces in all cases a higher return and performance ratio when α = 1%, while the reverse conclusion is true in most cases at 5% and especially at 10%.
4. The returns obtained by estimating the conditional mean using the empirical mean of the data until time t − 1 are in a large majority of cases not smaller than the returns obtained by estimating the mean using an autoregressive process. For the performance ratios, no specification of the mean dominates the other. In terms of the statistical tests, the two approaches deliver similar results.
5. The results obtained by the BEKK or the DCC models are very similar but it takes almost 50% more CPU time to use the BEKK model than the DCC model.
6. The returns and the performance ratios obtained by the 'Emp-Emp' model are almost as good as those obtained by the use of the GARCH models. Nevertheless, the 'EmpEmp' model has higher failure rates, which indicates that it is not as correctly specified and that the risk is higher than the target one. Bauwens, Laurent, and Rombouts (2006) state that whether "the univariate repeated approach is more adequate than the multivariate one" is an open question. According to our results, using a multivariate GARCH model (either the BEKK or the DCC) provides better results in the statistic and economic sense. Moreover, the multivariate approach is more economical in CPU time than the repeated univariate one: for example, the computing time is reduced by 33 per cent for two currencies and by 50% for three when using the DCC model, compared to a univariate GARCH model (since the latter has to be estimated many times, when searching for the optimal weights of the portfolio).
In order to ensure that the results presented above are not driven by a sequence of 'ab- Table 6 presents the descriptive statistics of the second sample.
Comparing the statistics in Tables 6 and 3 , we see that the returns for the second 30-day forecast sample are smaller than for the first one, especially for the EUR/USD, while the standard deviations are about the same. Moreover, during the second period, the currency that has the largest mean return is the GBP, and not the EUR. If we look at Tables 7 and   8 , we see that the forecasted returns (R) are considerably smaller than those obtained for the first out-of-sample period (see Tables 4 and 5 ). These differences are consistent with the smaller returns observed during the second period. However, we draw the same conclusions as from the first forecasting experience: the multivariate GARCH models perform better than the univariate GARCH model; the Student distribution gives better results than the normal when 1 − α increases; the 'Emp-Emp' model yields returns that are about the same as those provided by the multivariate GARCH models, but it has higher failure rates, and so on. Equation (14) , where the expected return is replaced by the actual return. FR is the empirical failure rate, with bold numbers indicating significance at the 5% level. Dq is the p-value of the F-statistic for the dynamic quantile test (see Section 3). For a definition of the models, see Table 1 .
Conclusion
We design a model for maximizing the expected return of a basket of currencies, subject to a VaR constraint. Based on an econometric implementation using intradaily data, we compute the optimal portfolio at regular time intervals during a sequence of trading days. For the estimation of the conditional variance from which the VaR is computed, we use the standard univariate GARCH model of Bollerslev (1986) , and two multivariate GARCH models, the BEKK model of Engle and Kroner (1995) , and the DCC model of Tse and Tsui (2002) .
We evaluate the models by two economic criteria and two statistical tests. The procedure we have developed could be a useful tool to help foreign exchange dealers to control the accomplishment of a daily VaR level while maximizing their profits.
Our results show that estimating the VaR from multivariate GARCH models improves the results of the optimal portfolio allocation, compared to using a univariate model. There is no substantial difference between the results obtained by using the BEKK and the DCC models, but the latter is preferable since it takes much less computing time. The Student-t distribution performs better than the normal when the risk level used to define the VaR is large (5 or 10%), while the reverse holds at 1%.
Future research includes to test other multivariate GARCH models and competitors of this kind of models, such as stochastic volatility models and Wishart autoregressive process proposed by Gourieroux, Jasiak, and Sufana (2004) . The latter is a dynamic model for realized volatility matrices. An interesting property of this model is that it is invariant with respect to the choice of the numeraire. Another possible line of study is to work with time-varying re-balancing periods.
